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SUMMARY 

Non l i nea r  wave-wave i n t e r a c t i o n s  i n  t u r b u l e n t  j e t s  w e r e  i n v e s t i g a t e d  based 

The a n a l y s i s  i n d i c a t e s  t h a t  two f requency  components i n  the  ax isymmet r ic  
on the  i n t e g r a t e d  energy o f  each s c a l e  o f  mot ion  i n  a c ross  s e c t i o n  o f  t h e  
j e t .  
mode can i n t e r a c t  w i t h  o t h e r  background f requenc ies  i n  t h e  ax isymmet r ic  mode, 
thereby  a m p l i f y i n g  an enormous number o f  o t h e r  f r e q u e n c i e s .  Two f requency  com- 
ponents i n  a s i n g l e  h e l i c a l  mode cannot ,  by themselves, a m p l i f y  o t h e r  f requency  
components. But  combina t ions  o f  f requency  components o f  h e l i c a l  and axisymmet- 
r i c  modes can a m p l i f y  o t h e r  f r e q u e n c i e s  i n  o t h e r  h e l i c a l  modes. The p resen t  
computat ions produce seve ra l  f e a t u r e s  c o n s i s t e n t  w i t h  exper imenta l  o b s e r v a t i o n s  
such as ( 1 )  dependency o f  t h e  i n t e r a c t i o n s  on t h e  i n i t i a l  phase d i f f e r e n c e s ,  
(2) enhancement o f  t h e  momentum th i ckness  under m u l t i f r e q u e n c y  f o r c i n g ,  and 

e x c i t e d  j e t ,  m i x i n g  enhancement was found to  be a r e s u l t  o f  t h e  t u r b u l e n c e  
enhancement r a t h e r  than s imp ly  t h e  a m p l i f i c a t i o n  o f  f o r c e d  wave components. 
The e x c i t a t i o n  waves pump energy from the  mean f low t o  t h e  tu rbu lence ,  thus  
enhancing the  l a t t e r .  
to  t h e  j e t  e x i t ,  b u t  t h e  low- f requency waves a re  most e f f e c t i v e  f u r t h e r  
downstream. 
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w ( 3 )  an inc rease  i n  background tu rbu lence  under f o r c i n g .  I n  a m u l t i f r e q u e n c y -  

The h igh- f requency  waves enhance t h e  t u r b u l e n c e  c l o s e  

INTRODUCTION 

The s tudy  o f  a r t i f i c i a l l y  e x c i t e d  shear flows may p r o v i d e  i n s i g h t  i n t o  t h e  
p h y s i c a l  mechanisms govern ing  t h e  onse t  and e v o l u t i o n  o f  t u r b u l e n c e  i n  shear 
f lows. Such s t u d i e s  can p r o v i d e  a gu ide  fo r  f o r m u l a t i n g  new p r e d i c t i v e  tu rbu -  
lence models and f o r  c o n t r o l l i n g  l i f t  and drag  as w e l l  as t u r b u l e n t  m i x i n g  and 
t r a n s p o r t .  M o t i v a t e d  by  unders tand ing  l a m i n a r - t u r b u l e n t  t r a n s i t i o n s ,  Miksad 
( r e f s .  1 and 2)  e x c i t e d  a shear l a y e r  w i t h  two f r e q u e n c i e s  o f  comparable g rowth  
r a t e s .  The two imposed waves i n t e r a c t e d  n o n l i n e a r l y ,  g e n e r a t i n g  t h e  sum and 
d i f f e rence  modes and t h e  harmonics and subharmonics o f  t h e  f o r c i n g  f r e q u e n c i e s .  
Some of these components were found t o  grow and i n t e r a c t  w i t h  o t h e r s ,  genera t -  
i n g  a d d i t i o n a l  components. F i n a l l y  an enormous number o f  waves were generated,  
l e a d i n g  to  a complete t r a n s i t i o n  to  f u l l y  t u r b u l e n t  f low. Because o f  t h e  com- 
p l e x i t y  o f  t h i s  exper iment ,  most l a t e r  exper iments concen t ra ted  on s i n g l e -  
f requency  e x c i t a t i o n .  

S ing le - f requency  e x c i t a t i o n  has now been s t u d i e d  by many researchers :  
f o r  example, B inde r  and Favre-Mar inet  ( r e f s .  3 and 4) .  Ho and Huang ( r e f .  5), 
Mankbadi and L i u  ( r e f .  6 > ,  Mankbadi ( r e f .  7 ) .  Winant and Browand ( r e f .  8) and 
Zaman and Hussain ( r e f .  91, to  ment ion  o n l y  a f e w .  An e x c e l l e n t  r e v i e w  fo r  
t h e  work i n  t h i s  a rea  i s  g i v e n  i n  an a r t i c l e  by Ho and Huerre ( r e f .  10). I n  

*Work funded under Space A c t  Agreement C99066G. 



genera l ,  these i n v e s t i g a t i o n s  i n d i c a t e  t h a t  t he  shear - layer  spread ing  r a t e  can 
be c o n t r o l l e d  e f f e c t i v e l y  by f o r c i n g .  

The p o s s i b i l i t y  of u s i n g  two-frequency f o r c i n g  to  extend the  range ove r  
which t h e  f low can be c o n t r o l l e d  has been exp lo red  by Wygnanski and Petersen 
( r e f .  1 1 ) .  Ramawand R ice  ( r e f .  1 2 ) ,  and B rad ley  ( r e f .  1 3 ) .  These o b s e r v a t i o n s  
i n d i c a t e  t h a t  f o r c i n g  a t  two f requenc ies  makes t h e  shear l a y e r  grow f a s t e r  than 
f o r c i n g  a t  e i t h e r  f requency  a lone a t  t he  same f o r c i n g  l e v e l .  Thus, combined- 
mode f o r c i n g  i s  n o t  o n l y  s i g n i f i c a n t  t o  the  fundamental unders tand ing  o f  the  
l a m i n a r - t u r b u l e n t  t r a n s i t i o n ,  b u t  i s  a l s o  s i g n i f i c a n t  t o  the  t e c h n o l o g i c a l l y  
i m p o r t a n t  problem o f  m i x i n g  and tu rbu lence  c o n t r o l .  The impor tance of two- 
f requency  f o r c i n g  has m o t i v a t e d  severa l  s t u d i e s  t o  understand t h e  wave-wave 
i n t e r a c t i o n s  i n  two- f requency e x c i t a t i o n s .  Numerical s i m u l a t i o n s  o f  tempora l  
i n s t a b i l i t y  i n  a shear l a y e r  ( r e f s .  14  and 15)  and o f  s p a t i a l  s t a b i l i t y  i n  a 
l am ina r  ax isymmet r ic  shear l a y e r  ( r e f .  16) show t h a t  t he  wave-wave i n t e r a c t i o n  
process i s  h i g h l y  dependent on the  phase a l i gnmen t .  Th is  was conf i rmed exper- 
i m e n t a l l y  by Zhang, Ho, and Monkewitz ( r e f .  1 7 )  for t h e  shear l a y e r .  For a 
round j e t ,  Arbey and Ffowcs-Wi l l iams ( r e f .  18) observed a phase-dependent sup- 
p r e s s i o n  o f  t h e  first subharmonic i n  the  pressure  spectrum when t h e  j e t  was 
e x c i t e d  a t  t h e  n a t u r a l  f requency  and i t s  f i rs t  subharmonic. Fur thermore,  t he  

o f  Raman and R ice  ( r e f .  12) show t h a t  f o r  h i g h  l e v e l s  
development o f  t he  s t a b i l i t y  waves i s  a h i g h l y  non- 

exper imen ta l  o b s e r v a t i o n s  
o f  e x c i t a t i o n s ,  t h e  phase 
l i n e a r  p rocess .  

T h i s  r e p o r t  p resen ts  
ax isymmet r ic  or az imutha l  
w i t h  t h e i r  i n t e r a c t i o n s  w 
pose i s  to  p r o v i d e  a mode 
t h e  unders tand ing  o f  t h e  

f o r m u l a t i o n s  f o r  m u l t i f r e q u e n c y  i n t e r a c t i o n s  i n  t h e  
modes. These wave-wave i n t e r a c t i o n s  a re  coup led  
t h  t h e  f i n e - g r a i n e d  background tu rbu lence .  The pur -  
f o r  a m u l t i f r e q u e n c y  e x c i t e d  j e t  and t o  i nc rease  

a t e r  stages o f  t h e  l am ina r - tu rbu lence  t r a n s i t i o n .  
H igh-ampl i tude e x c i t a t i o n s  a r e  emphasized so t h a t  the  maximum e f f e c t  on j e t  
m i x i n g  can be observed.  
coupled w i t h  t h e  n o n l i n e a r  development o f  t he  phase ang les ,  which Raman and 
R i c e ' s  ( r e f .  12)  o b s e r v a t i o n s  i n d i c a t e  t o  be s i g n i f i c a n t  i n  h igh -amp l i t ude  
e x c i t a t i o n s .  

The n o n l i n e a r  development o f  t h e  wave ampl i tudes  a re  

ANALY S I S 

The problem cons idered here i s  t h a t  o f  a t u r b u l e n t  j e t  i s s u i n g  from a noz- 
z l e  o f  r a d i u s  R, t he  Mach number i s  sma l l ,  and the  c o m p r e s s i b i l i t y  e f f e c t s  
a r e  n e g l i g i b l e .  The c o o r d i n a t e  system i s  (x,r,+> where x i s  t he  streamwise 
d i r e c t i o n ,  r i s  t he  r a d i a l  d i r e c t i o n ,  and + i s  the  az imutha l  ang le .  The 
cor respond ing  v e l o c i t y  components a re  u,  v ,  and w. V e l o c i t i e s  a re  normal- 
i z e d  by the  j e t  e x i t  v e l o c i t y  Ue, d i s tances  by the  nozz le  r a d i u s  R, and t h e  
pressure  by pU$, where p i s  t h e  f l u i d  d e n s i t y .  The t i m e  t i s  no rma l i zed  
by R/Ue. 

The f l u i d  mot ion  i s  s p l i t  i n t o  t h r e e  k i n d s  o f  mot ion :  a t ime-averaged 
mot ion  i S i ( X > ;  a p e r i o d i c ,  o rgan ized ,  l a rge -sca le  wave l ike  s t r u c t u r e  G i ( i , t ) ;  
and a background, f i n e - s c a l e  random tu rbu lence  u ! ( x , r ) .  Thus, 
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and the  p ressu re  
average of the  f 
rep resen ted  by a 

P, i s  s i m i l a r l y  s p l i t .  An ove rba r  denotes t h e  usual  t i m e  
ow q u a n t i t y .  The p e r i o d i c ,  wave l i ke  component i s  taken to  be 
f i n i t e  number o f  f requency  and az imutha l  components. Thus, 

where cc or * denotes t h e  complex con juga te .  We cons ide r  here  t h e  i n t e r a c -  
t i o n s  among these frequency and az imutha l  components a long  w i t h  t h e i r  i n t e r a c -  
t i o n s  w i t h  t h e  mean flow and t h e  background t u r b u l e n c e .  These i n t e r a c t i o n s  
a r e  viewed w i t h i n  t h e  framework o f  t h e  energy exchanges among the  d i f f e r e n t  
sca les  of mot ion .  To d e r i v e  t h e  gove rn ing  equa t ions  f o r  each f low component, 
t h e  usual  phase-averaging techn ique ( r e f s .  19 and 20) i s  extended t o  a p p l y  t o  
a g i v e n  az imutha l  number i n  a d d i t i o n  to  the  usual  d e f i n i t i o n  w i t h  r e s p e c t  t o  
t h e  f requency .  Thus, 

The mean flow momentum equa t ion  i s  d e r i v e d  by s u b s t i t u t i n g  the  decomposi- 

The 
t i o n  o f  equa t ion  ( 1 )  i n t o  t h e  f u l l ,  unsteady Navier -Stokes equat ions  f o r  incom- 
p r e s s i b l e  flow i n  c y l i n d r i c a l  coo rd ina tes  and by t a k i n g  the  t i m e  average. 
mean f low energy e q u a t i o n  i s  o b t a i n e d  by m u l t i p l y i n g  each component o f  t h e  mean 
flow momentum equa t ion  by t h e  cor respond ing  v e l o c i t y  and add ing .  
i n g  mean f low k i n e t i c  energy e q u a t i o n  i s  

The r e s u l t -  

a@ - -  - uj  axj - 1 r 

+ L Re [q v2 q - 5 (v + 2 $) - 5 (a - 2 g)] 
where 

The k i n e t i c  energy equa t ion  o f  the  t u r b u l e n t  mo t ion  i s  d e r i v e d  as fo l -  

Each component of t h e  momentum equa t ion  i s  m u l t i p l i e d  by t h e  
lows.  
tum equa t ion .  
cor respond ing  v e l o c i t y  component u i ,  
t i m e  averaged. T r i p l e  c o r r e l a t i o n s  t h a t  c o n t a i n  an odd number o f  random compo- 
nen ts  a re  zero ;  those c o n t a i n i n g  an even number of random components a r e  n o t  
z e r o .  The r e s u l t i n g  k i n e t i c  energy equa t ion  o f  the  t u r b u l e n c e  i s  

The t ime-averaged momentum equa t ion  i s  s u b t r a c t e d  from the  f u l l  momen- 

and t h e  t h r e e  components a re  added and 
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The energy e q u a t i o n  for  a wave component o f  f requency  wm and az imutha l  
number Nn i s  o b t a i n e d  as f o l l o w s .  The f u l l  momentum e q u a t i o n  i s  f i rst  phase 
averaged w i t h  r e s p e c t  to  t h e  f requency  under c o n s i d e r a t i o n ,  and t h e  t ime-  
averaged equat ion  i s  s u b t r a c t e d  from t h e  phase-averaged one. The r e s u l t i n g  
equa t ion  con ta ins  a l l  t h e  az imutha l  components o f  f requency  am. To separa te  
t h e  az imutha l  component, we m u l t l p l y  t h e  wmomentum equa t ion  by exp(-iNn+> and 
i n t e g r a t e  i t  over  4.  T h i s  produces a momentum equa t ion  for the  mn-frequency- 
az imutha l  component. T h i s  equa t ion  i s  m u l t i p l i e d  by t h e  cor respond ing  v e l o c i t y  

to  y i e l d  t h e  k i n e t i c  energy e q u a t i o n  f o r  t h e  mn-wave component: 

4 
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- vmn<w >mn - w <Wv>mn mn 
,mn - -2 

3 
/ \ 

-2 
mn 

2- 
mn + l- 

Re [- "l,mnV 'i,mn 

where 

and 

-, 
The dynamic equa t ion  for t h e  wave-induced s t resses  rii,mn i s  d e r i v e d  as 

f o l l o w s .  The u{-momentum equa t ion  i s  m u l t i p l i e d  by u ' ,  an v i c e  versa ,  t o  
By t a k i n g  t h e  

d i f f e r e n c e  between the  phase average and t i m e  average of t h e  i ns tan taneous  
Reynolds s t resses ,  the  f o l l o w i n g  equa t ion  f o r  ?lj i s o b t a i n e d :  

form t h e  equat ions  for the  ins tan taneous Reynolds s t r e  i! s e s .  
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where 

x x x  

'rr 

'44 

XXr 

0 

- - w -(a'++ t 2 k w I 2 >  - 2 i W l 2  + <WJ> - wl3) + + V < W ' V ' >  - v w l v '  

2 
- 

t i < V l 2 >  - - 2  wv' + WFrr t < V I 2 W ' >  - v 1  w 1  
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and 

y x x  

'rr 

44 
Y 

'xr  

x+ 
Y 

r+ 
Y 

3 

0 

2(7rr t 2(v' F) - 2 v '  E) a+ 

aw 1 

' x r  a+ 
,.. 

+ 2 6 '  %)- 2u' - 

I n t e g r a l  Energy Equat ions 

The i n t e g r a l  energy equa t ion  o f  t h e  mean f low i s  ob ta ined  by a p p l y i n g  t h e  
boundary- layer - type  approx imat ions  t o  t h e  mean q u a n t i t i e s .  These approxima- 
t i o n s  imply t h a t  a l - ) / a x  < <  a < - > / a r ,  
ax isymmet r ic  w i t h  W = 0. These approx imat ions  a re  a p p l i e d  t o  equa t ion  ( 3 ) ,  
v i scous  t e r m s  a re  neg lec ted ,  and t h e  equa t ion  i s  i n t e g r a t e d  ove r  r and +. 
The r e s u l t i n g  mean f low energy equa t ion  i s  g i v e n  by 

V < <  U, and t h a t  t he  mean f l o w  i s  

- 
A s  I t  w i l l  be shown l a t e r  on, cc, i n  genera l ,  con ta ins  az imutha l  terms 

t h a t  can d i s t o r t  t h e  ax isymmetry  o f  t h e  mean f low. 
i s h  upon i n t e g r a t i o n  ove r  +. There fore  t h e  i n t e g r a t i o n  ove r  + was necessary 
to  be c o n s i s t e n t  w i t h  t h e  assumed axisymmetry o f  the  mean flow. 
t h e r e f o r e  rep resen ts  t h e  mean flow energy i n  a t ransve rse  s e c t i o n  o f  t h e  j e t .  

These az imutha l  terms van- 

Equat ion  (7a)  

Equat ion  (7a)  can be w r i t t e n  as 

where 8 i s  t he  momentum t h i c k n e s s  and MW and MT a re  the  f i r s t  and second 
i n t e g r a l s  i n  t h e  r i g h t  s i d e  o f  equa t ion  ( 7 a ) ,  r e s p e c t i v e l y .  Equat ion  (7) 
s t a t e s  t h a t  t h e  growth  of t h e  momentum t h l c k n e s s  ( t h e  d r a i n  o f  t h e  mean f low 
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energy)  i s  governed by t h e  mean flow p r o d u c t i o n  o f  t h e  wave components MW and 
by the  mean f low p r o d u c t i o n  o f  the  tu rbu lence  MT. 

The i n t e g r a l  energy equa t ion  f o r  the  random tu rbu lence  i s  ob ta ined  by 
a p p l y i n g  boundary- layer - type  approx imat ions  t o  the  mean q u a n t i t i e s  and by han- 
d l i n g  t h e  v i scous  d i s s i p a t i o n  t e r m s  i n  t h e  usual  manner. 
o v e r  r and 4 ,  t h e  t u r b u l e n c e  k i n e t i c  energy equa t ion  reduces t o  

A f t e r  i n t e g r a t i n g  

m 

au - u t v '  - r d r  t ar 
- 

0 

m 

0 

Th is  e q u a t i o n  can be w r l t t e n  as 

S!- dx 1, 4 r d r  = MT t WT - d i s  (8b)  

Equat ions  (8a)  and (8b)  s t a t e  t h a t  t h e  development o f  t h e  tu rbu lence  energy i s  
governed by i t s  p r o d u c t i o n  by t h e  mean f low MT, t he  energy t r a n s f e r  from the  
wave WT, and t h e  t u r b u l e n c e  d i s s i p a t i o n  d i s .  

t h e  f u l l  energy equa t ion  (5) i n  t h e  same manner: 
The i n t e g r a l  energy e q u a t l o n  f o r  the  mn-wave component i s  o b t a i n e d  from 

+ 

m - 
mn 

-2 

0 

where 

u 

'rnn ; -4 = r a'i,mn + - v  1 - - - -  - -  
i j , n n  a x j  r mnr4+,mn r +r,mn 

(9a)  
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Th is  sys tem o f  equa t ions  can be w r i t t e n  i n  the  form 

. 

U Qmn r d r  = MWmn - WTmn + WWmn dx (9b)  

which s t a t e s  t h a t  t h e  development o f  the  wave energy i s  governed by t h e  mean 
f low p r o d u c t i o n  o f  t h i s  p a r t i c u l a r  wave MWmn, by t h e  energy t r a n s f e r  between 
t h i s  wave and the  t u r b u l e n c e  WTmn, and by the  i n t e r a c t i o n s  between t h i s  wave 
and o t h e r  e x i s t i n g  waves WWmn. 

P 

Mode Decomposi t ion and I n t e r a c t i o n s  

The i n t e g r a l  energy equat ions  (eqs.  ( 7 )  t o  ( 9 ) )  a re  t h e  b a s i s  for the  
p r e s e n t  a n a l y s i s .  I n  these equa t ions ,  terms r e p r e s e n t i n g  wave i n t e r a c t i o n s  
a re  g i v e n  i n  t h e i r  most genera l  forms,  which a re  a p p l i c a b l e  t o  any number of 
f requency  and az imutha l  components. The decompos i t ion  o f  these t e r m s  f o r  a 
g i v e n  number o f  wave components y i e l d s  

I n  t h e  mean f low energy equa t ion  ( 7 ) .  

1, MW = - 

- -- 
The waves' Reynolds s t r e s s  uv can, 

t h e  p r o d u c t i o n  o f  a l l  waves i s  g i v e n  by 

- 
(10) -- aij -uv - r d r  ar 

n genera l ,  be w r i t t e n  as 

The f i r s t  summation i s  o v e r  t h e  p roduc t  uv* o f  the  same wave. These t e r m s  
a r e  ax isymmet r ic  i r r e s p e c t l v e  o f  t h e i r  az imutha l  number. The second summation 
o v e r  t h e  p r o d u c t  uv*  i s  produced by t h e  waves o f  t he  same f requency  b u t  d i f -  
f e r e n t  az imu tha l  numbers. These terms a r e  n o t  ax isyrnmetr ic  and t h e r e f o r e  
d e s t r o y  t h e  symmetry of the  mean flow. Note t h a t  these t e r m s  e x i s t  o n l y  if 
t h e r e  i s  more than one az imutha l  component o f  t he  same f requency .  Thus, t h i s  
i s  c o n s i s t e n t  w i t h  Cohen and Wygnanski 's ( r e f .  2 1 )  c o n c l u s i o n  t h a t  s i n g l e  mode 
e x c i t a t i o n  cannot  d e s t r o y  the  axisymmetry o f  the  mean flow. 
t e r m s  appear ing  i n  equa t ion  ( 1 1 )  van ish  when i n t e g r a t e d  ove r  0. Therefore 
these t e r m s  r e d i s t r i b u t e  the  mean f low energy i n  the  az imutha l  d i r e c t i o n  b u t  
do n o t  c o n t r i b u t e  t o  t h e  t o t a l  energy i n t e g r a t e d  over 0. Since the  mean f l ow  
energy from equa t ion  (10) i s  i n t e g r a t e d  ove r  0, these nonaxisymmetr ic  t e r m s  
v a n i s h  and t h e  mean f low p r o d u c t i o n  o f  the  wave can be w r i t t e n  as 

The az imutha l  

(12)  
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I w i t h  

- W 

au MWmn = umnvin r d r  4. cc 

Thus, t h e  mean flow p r o d u c t i o n s  o f  t h e  waves a re  g ven by &,,e l i n e a r  superpos i -  
t i o n  o f  t h e  i n d i v i d u a l  mean f low p roduc t i ons  o f  each wave. 

I n  t h e  t u r b u l e n c e  energy equa t ion  ( a ) ,  t he  energy exchange between t h e  
waves and t h e  t u r b u l e n c e  WT i s  g i v e n  by 

rw 

(13)  

-. 
where t h e  wave-induced s t r e s s e s  ? - < u ! u l >  - m. Now l e t  us decompose r 
i n  a manner s i m i l a r  t o  G: t h a t  i s ,  i j  1 J  1 J  

- 
r(x,r 

Thus, ?6 a r e  genera l  y g i v e n  by 

(14) 

= ( rmnuin + CC) + { rmQuikexp[ i (Nk - NQe)+] + c c }  (15)  

The f i r s t  summation i s ' o v e r  t h e  p roduc t  produced by t h e  same wave. 
summation i s  ove r  t h e  p r o d u c t  produced by two waves o f  t h e  same f requency  and 
d i f f e r e n t  az imutha l  numbers. Th is  second summation vanishes upon i n t e g r a t i o n  
ove r  4 .  Thus, w i t h  t h e  energy d e f i n e d  as i n t e g r a t e d  o v e r  +, we can w r i t e  

The second 

WT = WTmn 
m,n 

w i t h  

Tm ,., A, ,., 1 

lr dr 

'mn ; + -  'rnn ; - -  ,mn 
r ++,mn r r+,mn 

j 
i j , m n  a x  WTmn = (16)  

Therefore,  t he  t u r b u l e n c e  energy exchange w i t h  t h e  waves i s  g i v e n  by t h e  sum o f  
t h e  energy exchanges between the  t u r b u l e n c e  and each i n d i v i d u a l  wave. 
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Next.  we cons ide r  t h e  wave-wave i n t e r a c t i o n s  appear ing  i n  equa t ion  (9): 
namely, 

"m 

Because o f  t h e  
genera l  l y  z e r o  
se ts  o f  c o n d i t  

mn -2 'rnn <w >mn - - r 

V 
+ -  r 

,mn 

(<Gj;j>mn a x  j 
- - r d r  (17)  

t ime  ave rag ing  and the  az imutha l  i n t e g r a t  
un less  w and N s imu l taneous ly  s a t i s f y  
ons: 

wm = W k  + W Q  and Nn = Nk + N Q  

or 

on, these terms a r e  
one o f  t h e  f o l l o w i n g  

(18)  

These a re  t h e  same r e l a t i o n s  g i v e n  by Cohen and Wygnanski ( r e f .  21) .  U n f o r t u -  
n a t e l y ,  t h i s  i s  n o t  q u i t e  a r e s t r i c t i v e  c o n d i t i o n  because if one s t a r t s  w i t h  
o n l y  two f requency  components, t h e y  can a m p l i f y  o t h e r  f requency  components 
t h a t  s a t i s f y  t h e  c o n d i t i o n s  o f  e q u a t i o n  (18 ) .  I f  t h e  process i s  repeated ,  an 
enormous number o f  f requency  components can be a m p l i f i e d .  The p r e s e n t  ana ly -  
s i s  i s  a p p l i c a b l e  to  an u n l i m i t e d  number o f  components. However, for  c l a r i t y  
we present  o n l y  t h e  wave-wave i n t e r a c t i o n s  for a l i m i t e d  number o f  wave compo- 
nents .  We cons ide r  s i x  wave components: t h r e e  ax isymmet r ic  frequency compo- 
nents  and t h r e e  f i r s t - h e 1  i c a l  f requency  components. 
h e l i c a l  components match those of t h e  ax isymmet r ic  components. These i n i t i a l  
wave components can i n t e r a c t  w i t h  each o t h e r  to  genera te  an enormous number o f  
o t h e r  f requency  and az imutha l  components. However, o n l y  t h e  i n t e r a c t i o n s  among 
these i n i t i a l  components a r e  cons idered.  Thus, we f o r c e  o t h e r  f requency  and 
az imutha l  components t o  be i d e n t i c a l l y  ze ro .  

The f requenc ies  o f  t h e  

The f r e q u e n c i e s  a r e  chosen to  s a t i s f y  t h e  harmonic r e l a t i o n s :  t h a t  i s  

w = (2)m-1W m ( 1 9 )  

w i th  m = 1,2,3. Thus, each two consecu t i ve  f requenc ies  a r e  r e l a t e d  t o  each 
o t h e r  by subharmonic-fundamental r e l a t i o n s .  The lower  f requency  denotes t h a t  
of the  subharmonic, and the  h i g h e r  denotes t h a t  o f  t h e  fundamenta l .  

The c o n d i t i o n s  g i v e n  by  e q u a t i o n  (18) on the  f requency  and az imu tha l  
number l i m i t  t h e  number o f  nonzero wave-wave i n t e r a c t i o n s .  The wave-wave 
i n t e r a c t i o n s  can be c l a s s i f i e d  i n t o  t h r e e  groups:  ( 1 )  i n t e r a c t i o n s  among the  
ax isymmetr ic  waves, ( 2 )  i n t e r a c t i o n s  among the  h e l i c a l  waves, and (3) mixed 
i n t e r a c t i o n s  between the  ax isymmet r ic  and t h e  h e l i c a l  waves. The genera l  forms 
o f  these i n t e r a c t i o n s  w i l l  be d iscussed.  The i n t e r a c t i o n s  among the  axisymmet- 
r i c  waves can be man ipu la ted  to  be i n  the  form o f  subharmonic-induced s t r e s s e s  
m u l t i p l i e d  by fundamental- induced s t r a i n s .  The i n t e r a c t i o n s  between t h e  f i r s t -  
h e l i c a l  and t h e  ax isymmet r ic  components a r e  formed by  two subharmonic f requency  
components o f  d i f f e r e n t  az imu tha l  numbers i n t e r a c t i n g  w i t h  t h e  f i r s t - h e l i c a l  
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fundamental  component. The i n t e r a c t i o n s  among the  h e l i c a l  modes produce non- 
ax isymmet r ic  terms t h a t  van ish  upon i n t e g r a t i n g  over $. Thus, w i t h  the  energy 
de f ined as t h a t  i n t e g r a t e d  o v e r  9 ,  t h e  i n t e g r a t e d  i n t e r a c t i o n s  among t h e  
h e l i c a l  modes a r e  i d e n t i c a l l y  z e r o .  Th is  i s  an i n t e r e s t i n g  r e s u l t  s i n c e  i t  
i n d i c a t e s  t h a t ,  u n l i k e  t h e  ax isymmet r ic  modes, two f i r s t - h e l i c a l  f requency  com- 
ponents cannot  genera te  o t h e r  f requency  components. The energy exchanges among 
t h e  seve ra l  sca les  o f  mo t ion  a r e  rep resen ted  s c h e m a t i c a l l y  i n  f i g u r e  1.  
wave-wave i n t e r a c t i o n s  f o r  t h e  s i x  components cons idered a r e  g i v e n  by t h e  f o l -  

The 

1 ow 1 ng equat  1 ons : 

for t h e  ax isymmet r ic  w-component, 

"10 = - ~ 1 0 , 1 0 , 2 0  + yJ21,11,10 

for t h e  ax isymmet r ic  2~-component ,  

"20 = w10,10,20 - w20,20,30 + w31,21,20 

for t h e  ax isymmet r ic  4~-component ,  

ww30 ri w20,20,30 

For t h e  f i r s t - h e l i c a l  a-component, 

"11 = -w10,11,21 - w21,11,10 

For t h e  f i r s t - h e l i c a l  2~-component ,  

"21 = w10,11,21 - w20,21 ,31 - w31,21,20 

For t h e  f i r s t - h e l i c a l  4w-cornponent, 

"31 = w20,21,31 

(20) 
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where 

i j ,kQ,mn W 

1 

Closure  Models 

The i n t e g r a l  energy equat ions  a re  used t o  o b t a i n  a s e t  o f  o r d i n a r y  d i f f e r -  
e n t i a l  equa t ions  r e p r e s e n t i n g  t h e  energy exchanges among t h e  d i f f e r e n t  sca les  
o f  mot ion .  Each k i n d  o f  mo t ion  i s  assumed t o  be d e s c r i b a b l e  w i t h  a l i m i t e d  
number o f  shape parameters.  
and t u r b u l e n c e  r e q u i r e d  to  pe r fo rm t h e  r a d i a l  i n t e g r a l s  i n  t h e  energy equa t ions  
a r e  d iscussed nex t .  

The shape assumptions for the  mean f low, waves, 

Mean flow. - We d e s c r i b e  t h e  mean f low i n  t e r m s  o f  the  momentum t h i c k -  
ness 0 .  The mean f low p r o f i l e  i s  t h e  two-stage h y p e r b o l i c  t angen t  p r o f i l e  
proposed by M icha lke  ( r e f .  2 2 ) .  

For 8 < 0.08, 

6 1 for  O i r i l - ~  

U(r,8> = 

( 2 2 )  1 1 - r ) ] }  fo r  1 - - - <  6 r < - 2 (1 + t a n h [ z  ( 1  2 

For 8 > 0.08, 

U(r,8> = $(1 + tanh[& (+ - r)]} fo r  0 r Q) 

T h i s  p r o f i l e  f i t s  t he  exper imenta l  d a t a  (e .g. ,  r e f s .  23 and 24) for  the  mean 
flow development between t h e  j e t  e x i t  and the  f u l l y  developed r e g i o n .  
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The mean f low i s  thus  c h a r a c t e r i z e d  by  t h e  momentum th i ckness  8 r a t h e r  
than by the  a x i a l  d i s t a n c e  x .  There fore  f u n c t i o n a l  dependency on x i n  the  
i n t e g r a l s  i n v o l v e d  i n  t h e  energy equat ions  w i l l  be rep laced  by 8. 

Random tu rbu lence .  - The r a d i a l  d i s t r i b u t i o n  o f  the  t u r b u l e n t  s t resses  i s  
assumed t o  be g i v e n  by  a Gaussian p r o f i l e  i n  t h e  form 

where 

r l =  
e2c 

\ (23)  

This assumpt ion i s  c o n s i s t e n t  w i t h  Lau 's  ( r e f .  25) f i n d i n g s  based on c o r r e l a t -  
i n g  a l a r g e  s e t  o f  a x i a l  v e l o c i t y  f l u c t u a t i o n s  of  unexc i ted  j e t s  ove r  an 
extended range o f  j e t  o p e r a t i n g  c o n d i t i o n s .  The te rm E ( x )  i s  t he  t u r b u l e n c e  
energy,  and a i j  and C a r e  cons tan ts  g i v e n  by 

a l l  = 1 a22 = a33 = 0.5 a12 = 0.33 a13 = a23 = 0 and C = 20 

(24)  

T h i s  model i s  s i m i l a r  t o  t h a t  used by  Mankbadi and L i u  ( r e f .  6) and by Mankbadi 
( r e f .  71, b u t  i t  has been m o d i f i e d  t o  account  f o r  a g i v e n  tu rbu lence  l e v e l  i n  
t h e  p o t e n t i a l  core .  W i t h i n  t h e  p o t e n t i a l  core ,  t h e  tu rbu lence  l e v e l  i s  d e t e r -  
mined by  i t s  i n i t i a l  va lue  a t  t h e  e x i t  of t he  j e t .  A n o r m a l i z a t i o n  f u n c t i o n  
G(8) renders  the  f i n e - g r a i n e d  t u r b u l e n c e  energy E ( x >  over  a s e c t i o n  o f  the  
j e t .  Thus, 

and 

2 G ( 9 )  = 1 (r exp(-q >r d r  + To 
0 

for 8 < 0.08 and To = 0. 

(25) 

- - 
For 8 > 0.08 and To = 0.5 u ' 2 ( ?  - 8 /0 .08>2,  u;: i s  the i n i t i a l  t u rbu lence  
i n t e n s i t y  a t  t h e  cen te r  o f  t h e  j e t  e x i t .  oc 

Th is  t u r b u l e n c e  model i s  based on quas i -s teady  assumptions i n  which da ta  
from s teady- f low exper iments a r e  used t o  model t he  tu rbu lence  a t  unsteady con- 
d i t i o n s .  However, E ( x )  i s  determined l a t e r  on from the  n o n l i n e a r  i n t e r a c -  
t i o n s .  The exper imenta l  d a t a  thus  p r o v i d e  o n l y  the  r a d i a l  shape and the  r a t i o s  
between the  s t resses .  The shape and r a t i o s  may v a r y  under e x c i t a t i o n  a t  h i g h  
f r e q u e n c i e s .  However, t h e  i n t e r e s t  here  i s  w i t h i n  the  j e t  column mode, the  
so -ca l l ed  p r e f e r r e d  f r e q u e n c i e s ,  which i n  genera l  a r e  lower  than those o f  the  
shear l a y e r  i n s t a b i l i t y  f r e q u e n c i e s .  There fore ,  f o r  t h i s  range o f  f requenc ies  
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i t  
t h e  

t h e  

s l o g i c a l  t o  assume t h a t  t he  r a t i o s  o f  the  t u r b u l e n t  s t r e s s e s  a r e  g i v e n  by 
r corresponding va lues  f o r  the  s teady-s ta te  case. 

The v iscous  d i s s i p a t i o n  i n  t h e  tu rbu lence  energy e q u a t i o n  i s  r e l a t e d  to  
smal l -sca le  tu rbu lence  as 

-312 - a7q 
L 

& = -  6 

where a2 = 1 . 5 .  

(26) 

I n  the  present  system o f  v a r i a b l e s  6 i s  r e p l a c e d  by  8 where 6 = a38 
and a3 = 4 . 4 .  

Wave components. - The momentum equa t ion  for  each wave component mn i s  
o b t a i n e d  by s u b t r a c t i n g  the  time-averaged momentum e q u a t i o n  from t h e  mn-phase 
averaged momentum equa t ion :  - - 

-2 - - )  -2 + < w  > - w + 2w wmn aT &i 2 aui,mn + a'i,mn - - - -  a t  j a x j  + 'j,rnn a x  r ('44, mn mn 
j 

- 
) a x *  ( 1 j mn i j i j ,mn  

n, a <;.ti.> - u u + r a'mn = - - - -  

J ax  

where 6 i j  i s  Kroneker 's  d e l t a .  

r i j  neg lec ted ,  i t  can be s i m p l i f i e d  t o  t h e  l i n e a r  s t a b i l i t y  e q u a t i o n .  

- 
I f  t h i s  equa t ion  i s  l i n e a r i z e d  and t h e  terms c o n t a i n i n g  a r e  

( 2 8 )  

The shape assumptions f o r  t h e  wave components follow those o f  p r e v i o u s  
works ( r e f s .  6 ,  7 ,  26,  and 2 7 )  i n  assuming t h a t  t he  Fourier c o e f f i c i e n t  Umn 
i n  equa t ion  ( 2 )  can be separated i n t o  an amp l i t ude  t h a t  i s  a f u n c t i o n  o f  x 
and a shape t h a t  i s  a f u n c t i o n  o f  r a t  a g i v e n  l o c a t i o n  a l o n g  the  j e t .  I n  
these prev ious  works, the  complex r a d i a l  shape was o b t a i n e d  from the  l i n e a r  
s t a b i l i t y  equat ion .  I n  Mankbadi ( r e f .  7)  t he  amp l i t ude  was o b t a i n e d  from t h e  
n o n l i n e a r  a n a l y s i s  w h i l e  i t s  phase ang le  was o b t a i n e d  from t h e  l i n e a r  a n a l y s i s .  

Exper imenta l  ( r e f s .  17 and 28) and t h e o r e t i c a l  ( r e f s .  15,  16, and 2 9 )  
i n v e s t i g a t i o n s  have i n d i c a t e d  t h a t  n o n l i n e a r  wave i n t e r a c t i o n s  a r e  h i g h l y  
dependent on the  phase angles between t h e  waves. Fur thermore,  t h e  exper imen ta l  
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d a t a  o f  Mankbadi, Raman, and R ice  ( r e f .  28) c l e a r l y  i n d i c a t e  t h a t  t he  develop-  
ment o f  these phase ang les  i s  a h i g h l y  n o n l i n e a r  p rocess .  Therefore,  p r e v i o u s  
shape assumptions for  t h e  wave components a r e  m o d i f i e d  to  

( 2 9 )  
,.d = IAmn(x) I~ i ,mn(r ,B)exp n 

U. 1 ,mn iqmn(x) - i w m t  + iNn+]  + cc 

n 

The r a d i a l  shapes u( r ,O)  a re  g i v e n  as t h e  e i g e n f u n c t i o n s  o f  the  l o c a l l y  pa r -  
a l l e l  l i n e a r  s t a b i l i t y  e q u a t i o n  as be fo re .  However, now b o t h  t h e  amp l i t udes  
Amn and t h e  phase ang les  qmn a re  determined f rom the  n o n l i n e a r  a n a l y s i s .  

A s  p o i n t e d  o u t  be fo re ,  t h e  l i n e a r i z e d  form o f  the  momentum equa t ion  for 
t h e  inn-wave i s  s i m p l y  the  l i n e a r  s t a b i l i t y  equa t ion .  Therefore,  to  a f i r s t  
app rox ima t ion  q ( x )  i s  g i v e n  by e x p ( i o  J X  a ( s >  d<> where a i s  n t he  complex 
wave number cor respond ing  t o  t h e  f requency  W. The r a d i a l  shapes u ( r , W  and 
the  cor respond ing  complex wave numbers a re  ob ta ined  from the  l o c a l  l i n e a r  s ta -  
b i l i t y  t h e o r y .  
from t h e  l o c a l l y  p a r a l l e l  s t a b i l i t y  t h e o r y  was conf i rmed e x p e r i m e n t a l l y  by 
St range and C r i g h t o n  ( r e f .  30) and Wygnanski and Petersen ( r e f .  1 1 ) .  

The f a c t  t h a t  t he  r a d i a l  shapes o f  t h e  waves can be o b t a i n e d  

The s o l u t i o n  o f  t h e  i n v i s c i d  s t a b i l i t y  equa t ion  f o l l o w s  t h a t  g i v e n  by 
M icha lke  ( r e f .  22). I n  t h e  damped r e g i o n ,  a complex contour  i s  used for t h e  
numer ica l  i n t e g r a t i o n  as i n  Mankbadi and L i u  ( r e f .  6). The e i g e n f u n c t i o n s  a r e  
no rma l i zed  i n  such a way as t o  render  Am, t h e  energy o f  t h e  rnn-wave I n  a 
s e c t i o n  o f  t h e  j e t .  
by t a k i n g  t h e  phase ang le  o f  
ang le  i s  t h e r e f o r e  t h a t  o f  t h e  streamwise wave v e l o c i t y  a t  t h e  j e t  c e n t e r l i n e .  

l i n e a r i z e d ,  i t  reduces t o  t h e  same form as t h a t  o f  a s i n g l e  mn-wave component. 
There fore ,  i t  i s  modeled f o l l o w i n g  Mankbadi and L i u  ( r e f .  6) for the  i n t e r a c -  
t i o n  between the  s ing le - f requency  component and t h e  random tu rbu lence .  Based 
on t h e  l i n e a r i z e d  form, i t  can be shown t h a t  

The arguments o f  t h e  complex e i g e n f u n c t i o n s  a r e  no rma l i zed  
to  be z e r o  a t  t he  j e t  c e n t e r l i n e .  The phase 

I 

Wave-induced s t r e s s e s .  - When the  f u l l  form o f  the  T i j  equa t ions  i s  

?i j  takes  t h e  form 

i ( r ( r ( x )  - y,,t + iN,+] + cc 
u .  

r i j ,mn = ( A m n ( x )  I E(x )F i  ,mn (30) 

.-+e c l o s u r e  model for  t h e  wave-induced s t resses  fol lows t h a t  o f  t h e  mean tu rbu -  
lence q u a n t i t i e s .  D e t a i l s  o f  t h e  model a re  g i v e n  i n  Mankbadi and L i u  ( r e f .  6). 
The modeled l i n e a r i z e d  equa t ion  f o r  r i j  i s  I n 
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44 
work done by t h e  mean s t r e s s e s  

a g a i n s t  wave r a t e s  o f  s t r a i n  
/ 

A 

n where -T- ’  = _ - 1 . 4 4 ~ ~ / a r  > o 
r xx  + rrr + r-44, and ’ and D i n d i c a t e  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  r 

i s  t h e  t ime  sca le  for r e t u r n  t o  isotropy, rkk = 

N o n l i n e a r  I n t e r a c t i o n  Equat ions 

Wi th t h e  shape assumptions i n t r o d u c e d  i n  equa t ion  (3>, t he  energy equa- 
t i o n s  (eqs.  (7 )  t o  ( 9 ) )  can be i n t e g r a t e d  across  t h e  j e t  t o  y i e l d  t h e  fol low 
system of s imul taneous o r d i n a r y  d i f f e r e n t i a l  equa t ions .  

The mean f low momentum t h i c k n e s s  8 ( x )  i s  g i v e n  by  

1 dlMA de E - - -- 
2 de dx - -I E - c ‘MW,rnn mn MT m,n 

( 3 2 )  
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The tu rbu lence k i n e t i c  energy E t ( x )  i s  g i v e n  by 

312 E E  d 
dx ('TAEt) = 'MTEt  + ITl4,mn mn t - I c E t  m, n 

The energy o f  the  mn-wave Emn(x) i s  g i v e n  by 

k ('l4A,rnnEmn) 31 IWMErnn - 'WT,mn E mn E t t WWmn 

( 3 3 )  

( 3 4 )  

and the  phase ang le  gmn(x) i s  g i v e n  by 

dJrmn t WW,;ln (35) Emn114A dx = nSmnEmn 'hMEmn 

I n  t h i s  system o f  equa t ions ,  I rep resen ts  an i n t e g r a l  t h a t  i s ,  i n  
genera l ,  a f u n c t i o n  o f  t h e  momentum th i ckness  8, f requency  0, and t h e  a z i -  
muthal number N cons idered.  I n  t h e  mean f low equa t ion  ( 3 2 ) ,  IMA i s  t h e  mean 
f l o w  advec t i on  i n t e g r a l  g i v e n  by 

(36) 

The f i r s t  t e r m  on t h e  r i g h t  s i d e  o f  equa t ion  ( 3 2 )  i s  t h e  mean f low p r o d u c t i o n  
o f  the  tu rbu lence,  and t h e  second te rm i s  t h e  p r o d u c t i o n  o f  each i n d i v i d u a l  
wave. 
component, IMT and I", r e s p e c t i v e l y ,  a re  g i v e n  by 

The mean flow p r o d u c t i o n  i n t e g r a l s  o f  t h e  random t u r b u l e n c e  and t h e  wave 

and 

*MW,mn(e*Wms N n ) = -2 I $ r d r  

1 where Re i n d i c a t e s  the  r e a l  p a r t .  

(38)  

I n  the  tu rbu lence  energy equa t ion  ( 3 3 > ,  ITA i s  the  i n t e g r a l  o f  t h e  tu rbu -  
lence advec t ion  by the  mean f low g i v e n  by 

The f i r s t  t e r m  on t h e  r i g h t  s i d e  o f  equa t ion  ( 3 3 )  i s  t he  t u r b u l e n c e  produced 
by the  mean flow. 
waves, and the  l a s t  t e r m  i s  t h e  v i scous  d i s s i p a t i o n .  

The second t e r m  i s  t h e  t u r b u l e n c e  energy exchanged w i t h  the  

18 



The i n t e g r a l s  IWT and I, are  g i v e n  by 

and 

(40) 

h 

h + ia; mn 

LJ 0 J 

where I denotes d i f f e r e n t i a t i o n  w i t h  r e s p e c t  to  r ,  

I n  the  energy equa t ion  f o r  t he  mn-wave (eq.  (3411, IWA i s  t h e  i n t e g r a l  
f o r  the  wave advec t i on  by the  mean flow: 

The f irst t e r m  on t h e  r i g h t  s i d e  o f  equa t ion  ( 3 4 )  i s  t h e  wave p r o d u c t i o n  
by t h e  mean f low. The second t e r m  i s  t he  i n t e r a c t i o n  w i t h  t h e  t u r b u l e n c e .  
l a s t  t e r m  i n  equa t ion  (34)  i s  t he  i n t e r a c t i o n  o f  t h e  mn-wave w i t h  o t h e r  waves. 
The te rm WWmn 
o t h e r  e x i s t i n g  waves. I t  i s  g i ven  here o n l y  for  waves w i t h  f r e q u e n c i e s  o f  W ,  

2w, and 40 and w i t h  az imutha l  numbers o f  0 and 1 .  Thus, f o r  these s i x  
waves WWmn takes the  form 

The 

i s  a c t u a l l y  t he  sum o f  t he  i n t e r a c t i o n s  o f  t h e  mn-wave w i t h  
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"10 = - E 1 0 6  w10,10,20 + p T l 0  w21,11,10 

ww20 = E l O G  w10,10,20 - E20@ '20,20,30 + 4- 
"30 = E20@ w20,20,30 

wwll = -455% w10,11,21 - qmG w21,11,10 

"21 =d- '10,ll ,21 -{- '20,11,21 -$- '31,21,20 

"31 = 4- '20,21,31 

where 

+ u  
i j  ,kQ,mn = 21 Ii j ,ka,mn IcOs(qij + qkQ - Om" i j ,kQ,mn W 

~ and where OIj,kQ,mn i s  t h e  argument o f  Iij,kQ,mn and 

(42 )  
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r 
I10,11,21 = s, (;. i,1oUj,11 a x  j 

A n n  

r 
- ,31 

j 
'20,21,31 

121,11,10 r d r  

W n 

A 

The phase-development e q u a t i o n  ( 3 5 )  i s  o b t a i n e d  i n  a manner s i m i l a r  to  t h a t  o f  
Mankbadi ( r e f .  16).  The S t r o u h a l  number S i s  d e f i n e d  as ~ m n d / ( 2 d e ) ,  where 
d i s  t h e  n o z z l e  d iamete r ;  IiM i s  g i v e n  by 

and W W C n  i s  i d e n t i c a l  t o  WWmn (eqs .  (42)  and ( 4 3 ) )  e x c e p t  t h a t  i t  i s  t h e  
imag ina ry  p a r t ,  and t h e r e f o r e  t h e  cos( ) t e r m  i s  r e p l a c e d  by  s i n (  ) :  t h a t  
i s ,  

W '  i j ,kQ,mn 2111j,kQ,mn Isin('i.j + *kQ - qm + *ij,kQ,mn (45) 

Th is  system o f  equa t ions  (eqs. (32)  t o  (35)) i s  s u b j e c t  t o  t h e  i n i t i a l  cond i -  
t i o n s  a t  x = 0: M O ) ,  E t ( O ) ,  and Emn(O), and t o  t h e  i n i t i a l  phase ang le  
qmn(O> w i t h  r e s p e c t  t o  a g i v e n  r e f e r e n c e .  

TWO-FREQUENCY EXCITATIONS 

Be fo re  we p r e s e n t  t h e  r e s u l t s  for  m u l t i p l e  f requency  e x c i t a t i o n s ,  we 
first compare t h e  p r e d i c t i o n s  o f  t h e  p r e s e n t  f o r m u l a t i o n  w i t h  c o r r e s p o n d i n g  
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exper imenta l  da ta  f o r  the  case o f  a t u r b u l e n t  round j e t  e x c i t e d  a t  two f requen-  
c i e s .  Under two-frequency e x c i t a t i o n s ,  c o n t r o l  can be exe rc i sed  ove r  the  i n i -  
t i a l  energy l e v e l s  as w e l l  as ove r  t h e  i n i t i a l  phase d i f f e r e n c e  between t h e  
two e x c i t a t i o n  components. 

The s o l u t i o n  o f  the  system o f  n o n l i n e a r  equa t ions  depends on the  spec i -  
f i e d  i n i t i a l  l e v e l s .  There fore ,  t o  compare the  p r e s e n t  p r e d i c t i o n s  t o  t h e  
exper imenta l  r e s u l t s ,  we o b t a i n  the  i n i t i a l  c o n d i t i o n s  from t h e  co r respond ing  
exper iment .  

The c a l c u l a t e d  fundamental  and subharmonic components a t  S t rouha l  numbers 
o f  0.3 and 0 .6  a r e  shown i n  f i g u r e  2 for severa l  i n i t i a l  phase ang les .  When 
only two waves a r e  p resen t ,  t h e r e  i s  one i n i t i a l  phase-d i f f e rence  ang le  13 
between them. The i n i t i a l  momentum th i ckness  i s  0.026, and Eo = 0.0001. The 
i n i t i a l  energ ies  o f  t h e  fundamental  ( S  = 0.6) and the  subharmonic ( S  = 0 .3)  
a r e  taken such t h a t  t he  i n i t i a l  i n s t a b i l i t y  a x i a l  v e l o c i t y  components a t  t h e  
j e t  c e n t e r l i n e  a re  1.2 and 0.6 p e r c e n t  o f  the  j e t  e x i t  v e l o c i t y .  These va lues  
were based on B r a d l e y ' s  da ta  ( r e f .  13) .  F igu re  2 shows t h a t  t h e  fundamental  
i s  n o t  as s e n s i t i v e  t o  the  phase d i f f e r e n c e  as t h e  subharmonic i s .  B r a d l e y  
measured the  s p e c t r a l  ampl i tudes  t h a t  were p r o p o r t i o n a l  t o  t h e  energ ies  
( r e f .  13) .  H i s  measured d a t a  behave s i m i l a r  t o  t h e  p r e d i c t i o n s  o f  f i g u r e  2. 
The fundamental i s  l e s s  dependent than the  subharmonic on the  i n i t i a l  phase 
ang le .  
p = 180". and the  minimum subharmonic a m p l i f i c a t i o n  occu rs  a t  (3 = Oo 
( r e f .  131, which i s  t h e  same as the  p r e d i c t e d  r e s u l t s  o f  f i g u r e  2 .  

B r a d l e y ' s  measured maximum subharmonic a m p l i f i c a t i o n  occu rs  a t  

F igu re  3 compares the  c a l c u l a t e d  c e n t e r l i n e  phase-averaged v e l o c i t i e s  w i t h  
the  cor respond ing  da ta  o f  Arbey and Ffowcs-Wi l l iams ( r e f .  18) .  The S t r o u h a l  
numbers a r e  0.3 and 0.6,  and Eo = 0.00001. The i n i t i a l  c e n t e r l i n e  v e l o c i t y  of 
the  S = 0 .3  component i s  1 .5  p e r c e n t  o f  t h e  j e t  e x i t  v e l o c i t y ;  t h e  i n i t i a l  
c e n t e r l i n e  v e l o c i t y  o f  t h e  S = 0.6 component i s  0.38 t h a t  o f  t h e  
i n  the  exper iment .  A t  S = 0.3,  t h e  c a l c u l a t e d  peaks occu r  f u r t h e r  downstream 
than the da ta  peaks ( f i g .  3 ( a ) ) .  However, t he  c a l c u l a t e d  peaks a r e  a t  t h e  same 
v e l o c i t y  l e v e l  as the  da ta  peaks. Both  the  t h e o r y  and t h e  exper iment  i n d i c a t e  
t h a t  t he  S = 0.3 component peak inc reases  when p changes from Oo t o  180O. 
The c a l c u l c t e d  phase-averaged v e l o c i t i e s  a t  S = 0.6 ( f i g .  3 (b ) )  a l s o  have 
t h e  same f e a t u r e s ,  t h e  same l e v e l  o f  a m p l i f i c a t i o n ,  and t h e  same dependency on 
t h e  phase angle as t h e  measured da ta .  The measured component i nc reases  aga in  
a l t e r  i t  decays, which i s  p robab ly  due t o  i t s  i n t e r a c t i o n  w i t h  o t h e r  f requency  
components - a mechanism which i s  n o t  a l l owed  here  s ince  f requency  components 
o t h e r  than S = 0.3 and S = 0.6 a r e  f o r c e d  t o  be ze ro .  

S = 0 .3 ,  as 

The dependency o f  the  subharmonic a m p l i f i c a t i o n  on t h e  i n i t i a l  phase ang le  
i s  shown i n  f i g u r e  4 f o r  S t rouha l  numbers o f  0 .2  and 0 .4 .  The c a l c u l a t i o n s  
a re  shown i n  f i g u r e  4 ( a ) ,  and t h e  cor respond ing  measurements o f  Raman and R ice  
( r e f .  12) a re  shown i n  f i g u r e  4 ( b ) .  I n  b o t h  cases t h e  v e l o c i t i e s  a r e  normal-  
i z e d  by the  maximum a t t a i n a b l e  peak o f  the  subharmonic. The i n i t i a l  l e v e l s  a r e  
ufo = 7 percent ,  uso = 0 .5  p e r c e n t ,  and Eo = 0.005. A t  t h i s  h i g h  l e v e l  o f  
e x c i t a t i o n  the  a c o u s t i c  decay i s  dominant i n  t h e  f i rst  h a l f  d iameter  ( r e f .  1 2 ) .  
There fore ,  Tam and Morris's ( r e f .  3 1 )  c o r r e c t i o n  f o r  the  a c o u s t i c  i n t e r a c t i o n  
i s  used i n  the  f i r s t  h a l f  d iamete r .  F i g u r e  4 shows t h a t  b o t h  the  measurements 
and the  theo ry  p r e d i c t  a s t r o n g  in f l uence  o f  the  phase ang le .  The subharmonic 
peak can be reduced t o  about  o n e - t h i r d  o f  i t s  maximum a t t a i n a b l e  va lue  depend- 
i n g  on the  i n i t i a l  phase d i f f e r e n c e  between t h e  two waves. 
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The c a l c u l a t e d  and measured momentum th icknesses  a r e  shown i n  f i g u r e  5 
f o r  the  two-frequency e x c i t e d  and t h e  unexc i ted  cases. The i n i t i a l  c o n d i t i o n s  
a r e  the  same as those o f  f i g u r e  4 .  F igu re  5 shows t h a t  two-frequency e x c i t a -  
t i o n  can c o n s i d e r a b l y  i nc rease  t h e  j e t  m ix ing .  However, t he  enhanced momentum 
t h i c k n e s s  i s  o n l y  weakly dependent on the  phase angle.  Th is  i n d i c a t e s  t h a t  t h e  
d i r e c t  ro le  o f  t h e  subharmonic i n  c o n t r o l l i n g  t h e  m i x i n g  o f  t u r b u l e n t  j e t s  i s  
l e s s  pronounced than i t s  r o l e  i n  advancing t h e  m i x i n g  o f  l am ina r  j e t s  ( r e f s .  5 
and 16) .  However, t h e  subharmonic can s t i l l  have a s t r o n g  i n d i r e c t  r o le  i n  t h e  
m i x i n g  process s ince  i t  can c o n t r o l  t h e  background tu rbu lence  t h a t ,  i n  t u r n ,  
c o n t r o l s  t h e  m i x i n g  process.  

t h e i r  r e s p e c t i v e  energy d r a i n  f r o m  t h e  mean flow i s  a l s o  l a r g e .  
t h e  wave-wave i n t e r a c t i o n s  become l e s s  s i g n i f i c a n t .  The dependency of the  wave 
a m p l i f i c a t i o n  on the  i n i t i a l  phase angles should be l e s s  pronounced. Th is  phe- 
nomenon i s  demonstrated i n  f i g u r e  6 where bo th  waves have the  same h i g h  i n i t i a l  
energy l e v e l s ,  ufo f uso = 3 pe rcen t .  The S t rouha l  numbers a re  0.3 and 0.6. 
The p r e s e n t  p r e d i c t i o n s  o f  the  subharmonic peak as a f u n c t i o n  o f  t h e  i n i t i a l  
phase d i f f e r e n c e  a re  shown i n  f i g u r e  6 (a> ,  and the  cor respond ing  d a t a  of Raman 
and R ice  ( r e f .  12) a re  shown i n  f i g u r e  6(b) .  The t h e o r y  and o b s e r v a t i o n s  b o t h  
i n d i c a t e  t h e  same weak dependency on the  phase angle.  

I f  b o t h  the  fundamental and subharmonic i n i t i a l  energy l e v e l s  a r e  l a r g e ,  
Therefore,  

- - 

Accord ing  t o  the  p resen t  a n a l y s i s ,  t he  wave-wave i n t e r a c t i o n s  a re  depend- 
e n t  on t h e  energy l e v e l s .  There fore ,  i n c r e a s i n g  the  i n i t i a l  energy l e v e l  o f  
t h e  fundamenta l ,  w h i l e  keep ing  t h a t  o f  t h e  subharmonic s m a l l ,  shou ld  i n c r e a s e  
t h e  peak of t h e  subharmonic. The c a l c u l a t e d  subharmonic peak as a f u n c t i o n  o f  
t h e  i n i t i a l  l e v e l  o f  t h e  fundamental i s  shown i n  f i g u r e  7 (a ) .  The S t r o u h a l  
numbers a re  0.2 and 0.4, t he  i n i t i a l  v e l o c i t y  o f  the  subharmonic i s  1 / 1 5 t h  
t h a t  o f  t h e  fundamenta l ,  and the  i n i t i a l  phase ang le  i s  k e p t  a t  270O. 
respond ing  d a t a  o f  Raman and Rice ( r e f .  12) a r e  shown i n  f i g u r e  7 (b ) .  Both  
t h e o r y  and exper iment  i n d i c a t e  t h a t  t h e  peak o f  t h e  subharmonic i nc reases  as 
t h e  fundamenta l ' s  energy l e v e l  inc reases .  The subharmonic reaches a sa tu ra -  
t i o n  va lue  o f  about  20 pe rcen t .  

The co r -  

MULTIFREQUENCY EXCITATION 

The d a t a  o f  Moore ( r e f .  32) and Raman, Rice,  and Mankbadi ( r e f .  33)  i n d i -  
c a t e  t h a t  w i t h i n  the  S t rouha l  number range 0.2 t o  1 .O, a forced-wave component 
a m p l i f i e s  a long  the  j e t  and can in f l uence  the  growth r a t e  o f  t h e  j e t .  There- 
fore, i n  t h e  p resen t  s tudy  t h r e e  f requenc ies ,  cor respond ing  t o  S t r o u h a l  num- 
bers  o f  0.2, 0.4, and 0.8, a re  cons idered.  These S t rouha l  numbers were chosen 
t o  cover  j e t  e x c i t a b i l i t y  i n  the  e x p e r i m e n t a l l y  i n d i c a t e d  range r e f e r r e d  t o  as 
t h e  " j e t  column mode" ( r e f .  9 ) .  The nex t  two s e c t i o n s  p r e s e n t  t h e  r e s u l t s  f o r  
m u l t i f r e q u e n c y  e x c i t a t i o n  i n  the  ax isymmet r ic  mode. I n  t h e  f i r s t  s e c t i o n  
r e s u l t s  f o r  i n t e r a c t i o n s  w i t h  equal i n i t i a l  l e v e l s  o f  a l l  waves a r e  p resen ted .  
I n  the  succeeding s e c t i o n ,  r e s u l t s  fo r  v a r i a b l e  r a t i o s  o f  i n i t i a l  energy l e v e l s  
a re  p resented .  

M u l t i f r e q u e n c y  Fo rc ing  a t  Equal Energy Leve ls  

I n  t h i s  s e c t i o n ,  t h e  i n i t i a l  energy l e v e l s  o f  a l l  waves a re  equa l ,  and t h e  
i n i t i a l  momentum th i ckness  i s  taken t o  be 0.012. S ince  t h e  focus here  i s  on  
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h i g h l y  t u r b u l e n t  j e t s ,  t h e  i n i t i a l  t u rbu lence  energy l e v e l  i s  taken to be r e l a -  
t i v e l y  h i g h  Et(0) = 0.005. Wi th  t h r e e  i n t e r a c t i n g  waves t h e r e  a re  two i n i t i a l  
phase d i f f e r e n c e s .  The phase d i f f e r e n c e  between S = 0.2 and S = 0.4 i s  
012 and t h a t  between S = 0.4 and S = 0.8 i s  023. 

F i g u r e  8 shows t h e  energy peak o f  each wave component normal ized  by i t s  
i n i t i a l  va lue  as a f u n c t i o n  o f  the  phase d i f f e r e n c e s .  The i n i t i a l  ener  y 
l e v e l  (wh ich  i s  equal for  t h e  t h r e e  waves) i s  v a r i e d  from 
f i g u r e  8(a)  to  ( d ) .  Th i s  range o f  i n i t i a l  energy l e v e l s  corresponds t o  i n i -  
t i a l  wave v e l o c i t i e s  o f  r o u g h l y  0.001 t o  0.07 Ue. A comparison o f  p a r t  ( a )  o f  
f i g u r e  8 w i t h  p a r t s  (b )  t o  ( d )  i n d i c a t e s  t h a t  t h e  dependency on the  phase 
ang le  i nc reases  as t h e  i n i t i a l  energy l e v e l  inc reases .  Th is  t r e n d  i s  expected 
s i n c e  t h e  wave-wave i n t e r a c t i o n  i s  a n o n l i n e a r  process.  A t  low l e v e l s  
( f i g .  8 ( a > ) ,  each wave grows a lmost  i ndependen t l y  o f  t h e  o t h e r  waves. A t  
h i g h e r  energy l e v e l s  ( f i g .  8 ( c ) ) ,  t he  energy peak can be doubled depending on 
t h e  phase ang le ,  i n d i c a t i n g  s t r o n g  n o n l i n e a r  i n t e r a c t i o n s .  

A comparison of p a r t s  (a )  t o  (d )  o f  f i g u r e  8 a l s o  i n d i c a t e s  t h a t  t h e  maxi- 
mum a t t a i n a b l e  no rma l i zed  peak decreases as the  i n i t i a l  energy l e v e l s  i nc rease .  
Th is  f a c t  i s  demonstrated i n  f i g u r e  9, which shows t h e  maximum a t t a i n a b l e  peak 
(depending on t h e  combina t ion  o f  phase d i f f e r e n c e s )  as a f u n c t i o n  o f  t h e  i n i -  
t i a l  energy l e v e l .  F i g u r e  9 i n d i c a t e s  t h a t  a t  low i n i t i a l  energy l e v e l s  t h e  
peak v a r i e s  i n  accordance w i t h  t h e  l i n e a r  theo ry .  However, t h e  r a t e  o f  growth 
decreases w i t h  h i g h e r  energy l e v e l s ,  and s a t u r a t i o n  c o n d i t i o n s  a re  reached 
around energy l e v e l s  o f  0.005 to 0.01. F u r t h e r  inc reases  i n  t h e  i n i t i a l  energy 
l e v e l  damp the  f o r c e d  component. 

t o  5x10-3 i n  

The maximum a t t a i n a b l e  (depending on the  phase ang les)  momentum t h i c k n e s s  
a l o n g  t h e  j e t  i s  shown i n  f i g u r e  10 f o r  seve ra l  i n i t i a l  energy l e v e l s .  T h i s  
f i g u r e  shows t h a t  t h e  h i g h e r  t h e  i n i t i a l  energy l e v e l ,  t h e  g r e a t e r  t h e  m i x i n g  
r a t e  enhancement due to e x c i t a t i o n .  S ince  we a r e  i n t e r e s t e d  i n  enhancing the  
m i x i n g  and s ince  the  s a t u r a t i o n  i s  l i m i t e d  as shown i n  f i g u r e  9, Eo = 0.005 
seems t o  be the  optimum va lue .  There fore ,  m u l t i f r e q u e n c y  f o r c i n g  a t  
Eo = 0.005 i s  examined f u r t h e r  i n  f i g u r e s  1 1  to  21. 

To examine t h e  r o l e  o f  m u l t i f r e q u e n c y  f o r c i n g  on j e t  m ix ing ,  we use t h r e e  
phase-d i f f e rence  combina t ions  b u t  keep t h e  other i n i t i a l  c o n d i t i o n s  f i x e d  
' f i g s .  11 t o  16) .  I n  f i g u r e s  1 1  and 12 t h e  phase d i f f e r e n c e s  012 and 023 
a r e  Oo and 90°, r e s p e c t i v e l y .  F i g u r e  1 1  shows t h e  energ ies  of t h e  t h r e e  f re -  
quency components and i n d i c a t e s  t h a t  S = 0.4 i s  t he  most a m p l i f i e d  component 
a long  t h e  j e t .  The mean f low p r o d u c t i o n s  o f  t h e  wave components and o f  the  
t u r b u l e n c e  a re  shown i n  f i g u r e  1 2 .  The sum o f  these p roduc t i ons  determines 
t h e  growth  r a t e ,  and hence t h e  m i x i n g  r a t e ,  o f  t he  j e t .  The mean flow produc- 
t i o n  o f  t h e  tu rbu lence  f o r  t he  u n e x c i t e d  case i s  a l s o  shown i n  f i g u r e  1 2 .  F ig -  
u r e  12 shows t h a t  t h e  p r o d u c t i o n  o f  t h e  t h r e e  waves i s  impor tan t  i n  t h e  i n i t i a l  
r e g i o n  of t h e  j e t .  B;t f u r t h e r  downstream beyond x = d, t he  p r o d u c t i o n  of the  
t u r b u l e n c e  dominates. 

I n  f i g u r e s  13 and 14 t h e  phase angles f312 and 023 a re  90° and 180°, 
r e s p e c t i v e l y .  The energ ies  o f  t h e  waves a re  shown i n  f i g u r e  13, which i n d i -  
ca tes  t h a t  t he  S = 0.4 component i s  l e s s  a m p l i f i e d  than i t  i s  i n  f i g u r e  1 1 .  
The mean flow p r o d u c t i o n s  a r e  shown i n  f i g u r e  14, which a l s o  i n d i c a t e s  t h a t  t he  
t u r b u l e n c e  p r o d u c t i o n  i s  t he  dominant mechanism beyond x = d. The case o f  
012 = 270° and 023 = 180° i s  shown i n  f i g u r e s  15 and 16.  F i g u r e  15 shows 
t h a t  for  t h i s  combina t ion  o f  phase d i f f e r e n c e s  S = 0.2 i s  t h e  most a m p l i f i e d  
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component a long  the  j e t .  
f i g u r e  16. Th is  f i g u r e  a l s o  shows t h a t  t u rbu lence  p r o d u c t i o n  i s  t he  dominant 
mechanism. 
e x c i t e d  and u n e x c i t e d  cases ( f i g .  16) shows t h a t  m u l t i f r e q u e n c y  e x c i t a t i o n  can 
c o n s i d e r a b l y  i nc rease  the  random t u r b u l e n c e  produced by t he  mean f low. 

The co r respond ing  mean f low p roduc t i ons  a r e  shown i n  

A comparison o f  the  t u r b u l e n c e  produced by t h e  mean flow for t h e  

. 

The momentum t h i c k n e s s  a l o n g  t h e  j e t  i s  shown i n  f i g u r e  17 f o r  the  t h r e e  
p a i r s  o f  phase-d i f f e rence  combina t ions  t h a t  were presented  i n  f i g u r e s  1 1  t o  16. 
F i g u r e  17 shows cons ide rab le  enhancement i n  the  momentum th i ckness  f o r  the  
t h r e e  cases cons idered.  I n  t h e  case o f  012 = 90° and (323 = Oo, t he  momen- 
tum th i ckness  around x = 4d i s  g r e a t e r  than f o r  I312 = 90° and P23 = 180° 
because t h e  S = 0.4 component i s  a m p l i f i e d  more i n  the  fo rmer  case than i n  t h e  
l a t t e r  case ( f i g .  1 1  versus f i g .  13) .  f i g u r e  17 a l s o  shows t h a t  t h e  momentum 
t h i c k n e s s  i s  most enhanced when (312 = 270° and R23 - 1 8 0 O .  For t h i s  case 
S = 0.2 i s  t h e  most a m p l i f i e d  component ( f i g .  15) .  Th i s  low S t rouha l  number 
wave has the  l o n g e s t  streamwise l i f e s p a n ,  and t h e r e f o r e  i t  i s  t he  most effec- 
t i v e  i n  enhancing m i x i n g  a t  downstream l o c a t i o n s .  

F i g u r e  18 shows t h e  t u r b u l e n c e  energy a long  t h e  j e t  f o r  t h e  phase- 
d i f f e r e n c e  combinat ions i n  f i g u r e  17. The t u r b u l e n c e  energy for the  u n e x c i t e d  
case i s  a l s o  shown on f i g u r e  18. The t u r b u l e n c e  i s  enhanced because of t h e  
f o r c i n g .  Note a l s o  t h a t  f o r c i n g  a t  d i f f e r e n t  phase-d i f f e rence  combinat ions 
has t h e  same e f f e c t  on t h e  t u r b u l e n c e  as i t  does on t h e  momentum th i ckness  
( f i g .  17 ) .  

I n  l am ina r  j e t s ,  where t u r b u l e n c e  i s  n e g l i g i b l e ,  t h e  growth r a t e  i s  d i c -  
t a t e d  by only the  p r o d u c t i o n  o f  t h e  waves. 
or damping would have a pronounced e f f e c t  on t h e  j e t  g rowth  r a t e  ( r e f s .  5 and 
16 ) .  For tu rbu lence  j e t s  where t h e  growth  r a t e  i s  governed by t h e  p r o d u c t i o n  
o f  t h e  tu rbu lence  and the  waves, t h e  s i t u a t i o n  i s  d i f f e r e n t .  A s  i n d i c a t e d  by 
f i g u r e s  1 2 ,  14, and 16, t he  t u r b u l e n c e  p r o d u c t i o n  i s  t h e  dominant mechanism i n  
c o n t r o l l i n g  the  growth  r a t e .  
g rowth  r a t e  i s  n o t  pronounced f o r  t h e  t u r b u l e n t  j e t s  as i t  i s  f o r  t h e  l am ina r  
j e t s .  The f o r c e d  waves, however, enhance the  random tu rbu lence  and t h e r e f o r e  
s t i l l  p l a y  an i n d i r e c t  r o l e  i n  t h e  m i x i n g  process.  

There fo re  subharmonic a m p l i f i c a t i o n  

The d i r e c t  r o l e  o f  wave a m p l i f i c a t i o n  i n  the  

The tu rbu lence  enhancement o f  t h e  random t u r b u l e n c e  t h a t  was shown i n  
f i g u r e  18 i s  e v i d e n t  i n  t h e  e a r l y  exper iments o f  B inde r  and Favre-Mar inet  
( r e f .  3 ) .  The mechanism o f  t u r b u l e n c e  enhancement under mu1 t i f r e q u e n c y  exc i  t a -  
t i o n  i s  examined here .  The energy pumped i n t o  t h e  tu rbu lence  by t h e  waves and 
t h e  mean f low a re  shown i n  f i g u r e s  19 t o  21 f o r  t h r e e  d i f f e r e n t  p a i r s  o f  phase- 
d i f f e r e n c e  combina t ions .  These f i g u r e s  show t h a t  t u r b u l e n c e  enhancement under 
e x c i t a t i o n  i s  a r e s u l t  o f  a d i r e c t  and an i n d i r e c t  mechanism. I n  t h e  d i r e c t  
mechanism, the  imposed waves decay by  d i s s i p a t i n g  t h e i r  energy i n t o  the  back- 
ground tu rbu lence  ( t h e  second t e r m  i n  t h e  t u r b u l e n c e  energy equa t ion ,  
eq. ( 3 3 ) ) .  I n  the  second i n d i r e c t  mechanism, t h e  wave a c t s  as a c a t a l y s t  t h a t  
enhances t h e  mean flow p r o d u c t i o n  o f  t h e  tu rbu lence .  Note t h a t  i n  f i g u r e s  19 
t o  21 ,  t he  mean f low p r o d u c t i o n  o f  t h e  t u r b u l e n c e  f o r  the  e x c i t e d  case i s  much 
h i g h e r  than t h a t  i n  t h e  u n e x c i t e d  case. The mean f low p r o d u c t i o n  o f  the tu rbu-  
l ence  i s  p r o p o r t i o n a l  t o  the  l o c a l  l e v e l  o f  the  t u r b u l e n c e  energy ( t h e  f i rs t  
t e r m  i n  the  tu rbu lence  energy equa t ion  (eq.  ( 3 3 ) ) ) .  There fore ,  wave-produced 
enhancement i n  E t  f u r t h e r  i nc reases  t h e  mean f l ow  p r o d u c t i o n  o f  t h e  tu rbu -  
l ence  E t I M T .  Thus, t he  mean f low p r o d u c t i o n  o f  the  tu rbu lence  i s  inc reased 
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by e x c i t a t i o n .  I n  f i g u r e  21, t he  S = 0.2 component, which has a l ong  stream- 
wise l i f e s p a n ,  i s  a m p l i f i e d .  Th is  wave keeps pumping energy t o  the  tu rbu lence  
fo r  a l ong  d i s t a n c e  a long  the  j e t  and causes t h e  g r e a t e s t  enhancement i n  the  
mean flow p r o d u c t i o n  o f  the  tu rbu lence .  

F o r c i n g  a t  V a r i a b l e  I n i t i a l  Energy R a t i o s  

I n  t h e  p rev ious  s e c t i o n  we cons idered the  case o f  f o r c i n g  a t  equal  energy 
l e v e l s .  I n  t h e  nex t  s e c t i o n ,  we cons ide r  the  case when one o f  the  waves has an 
i n i t i a l  energy l e v e l  t h a t  i s  one o r d e r  o f  magnitude lower  than t h e  o t h e r  two. 
I n  the  succeeding s e c t i o n ,  we cons ide r  the  case when one o f  the  waves has an 
i n i t i a l  energy l e v e l  t h a t  i s  one o r d e r  o f  magnitude h i g h e r  than the  o t h e r  two. 

One wave i n i t i a l l y  weaker than t h e  o t h e r  waves. - The peak o f  t h e  t h r e e  
waves as a f u n c t i o n  o f  the  i n i t i a l  phase angles a re  shown i n  f i g u r e  22. I n  
f i g u r e  22(a> t h e  S = 0.8 wave i s  i n i t i a l l y  an o r d e r  o f  magnitude s m a l l e r  than 
t h e  o t h e r  two. I n  f i g u r e  22(b) ,  t he  S = 0 .4  wave i s  t he  weak one, w h i l e  i n  
f i g u r e  22 (c> ,  t he  S = 0.2 wave i s  t he  weak one. I n  f i g u r e  22 (a> ,  t h e  S = 0.8 
component i s  n e g l i g i b l e  w i t h  r e s p e c t  t o  the  o t h e r  two waves. Therefore the  
S = 0.2 and S = 0 .4  waves behave as i n  the  case o f  two-frequency e x c i t a t i o n .  
When S = 0 .4  i s  t h e  weak wave, f i g u r e  22(b>,  i t  s t i l l  a m p l i f i e s  cons idera-  
b l y .  The S = 0 .4 wave has a S t rouha l  number near  t h a t  o f  t h e  most a m p l i f i e d  
wave. Fur thermore,  t h i s  wave i n t e r a c t s  d i r e c t l y  w i th  the  o t h e r  two waves. 
Cons iderab le  wave i n t e r a c t i o n s  occur  t h a t  can a m p l i f y  t he  S = 0.4 wave t o  the  
same l e v e l  as t h a t  o f  the  o t h e r  two waves. When S = 0.2 i s  t h e  weak wave, 
t h e  S = 0.2 wave i s  n o t  a m p l i f i e d  and t h e  o t h e r  two waves, S = 0.4 and 
S = 0.8, behave as i f  the  t h i r d  wave were n o t  p resen t  a t  a l l  ( f i g .  2 2 ( c > > .  

The t u r b u l e n c e  energy a long  the  j e t  i s  shown i n  f i g u r e  23 f o r  the  i n i t i a l  
energy r a t i o s  o f  f i g u r e  2 2 .  Note t h a t  the  f i g u r e  i n d i c a t e s  t h a t  t h e  S = 0.2 
component must be p r e s e n t  t o  have a cons ide rab le  e f f e c t  on t h e  tu rbu lence  
because o f  t h e  l o n g  streamwise l i f e s p a n  o f  the  S = 0.2 component, as i n d i c a t e d  
b e f o r e .  The f i g u r e  a l s o  shows a g r e a t e r  e f f e c t  on the  t u r b u l e n c e  when t h e  two 
h i g h - l e v e l  waves a r e  S = 0.8 and 0.4,  i n s t e a d  o f  S = 0.2 and 0.4.  A s  i n d i -  
ca ted  be fc re ,  when the  S = 0.8 and S = 0.2 waves a r e  h igh ,  t h e y  e x c i t e  t h e  
S = 0.4 component and thus  a c t  e f f e c t i v e l y  as th ree- f requency  e x c i t a t i o n .  
Th is  mechanism i s  n o t  p r e s e n t  when t h e  two h igh-ampl i tude waves a r e  S = 0.2 
dnd 0.4.  

The momentum t h i c k n e s s  a long  t h e  j e t  i s  shown i n  f i g u r e  24 for  the  same 
i n i t i a l  va lues  as i n  f i g u r e  23 .  F i g u r e  24 shows t h a t  t he  e f f e c t  o f  e x c i t a t i o n  
on t h e  momentum th i ckness  fo l lows t h e  same p a t t e r n  as the  e f f e c t  o f  e x c i t a t i o n  
on the  tu rbu lence .  Th is  i n d i c a t e s  aga in  t h a t  i t  i s  t he  tu rbu lence  t h a t  con- 
t r o l s  the  m i x i n g  enhancement. 

One wave i n i t i a l l y  h ighe r  than t h e  o t h e r  waves. - One wave was g i v e n  a 
h i s h  i n i t i a l  energy l e v e l  o f  E, = 0.005 w h i l e  the  o t h e r  waves were keDt an " 
order o f  magni tude- lower  ( i . e . ,  Eo = 0.0005). 
t i f r e q u e n c y  i n t e r a c t i o n s ,  i t  can r e p r e s e n t  the  exper imenta l  s i t u a t i o n  when o n l y  
one frequency i s  f o r c e d .  I n  an u n e x c i t e d  j e t ,  t h e r e  a re  severa l  s t a b i l i t y  com- 
ponents t h a t  a r e  n a t u r a l l y  p resen t .  I n  an e x c i t e d  j e t ,  t h e  e x c i t a t i o n  wave can 
i n t e r a c t  w i t h  o t h e r  n a t u r a l l y  p resen t  waves a t  o t h e r  f requenc ies  and amp1 i f y  

A l though t h i s  i s  a case o f  mul- 
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them (e.g. ,  r e f .  9). The low i n i t i a l  energy l e v e l  o f  Eo = 0.0005 can rep re -  
sen t  t h a t  o f  t h e  n a t u r a l l y  p resen t  waves. 

F i g u r e  25 shows t h e  energy peak fo r  each f requency  component as a f u n c t i o n  
of t h e  phase-d i f f e rence  ang les .  I n  f i g u r e  25(a) the  S = 0 .8  component i s  t h e  
h igh-ampl i tude wave. I t  produces some a m p l i f i c a t i o n  o f  the  S = 0.4 component, 
which i n  t u r n  can enhance the  S = 0.2 component. I n  f i g u r e  2 5 ( b > ,  t h e  S = 0.4 
component i s  t h e  h igh-ampl i tude wave. I t  can enhance t h e  S = 0.2 component if 
the  phase d i f f e rence  between them i s  270°,  b u t  i t  has a n e g l i g i b l e  e f f e c t  on 
t h e  S = 0.8 component. I n  f i g u r e  2 5 ( c > ,  t h e  S = 0 . 2  component i s  t he  h igh- .  
amp l i t ude  wave. The S = 0.4 component i n t e r a c t s  w i t h  b o t h  t h e  S = 0 . 2  compo- 
nen t  and t h e  s l i g h t l y  a m p l i f i e d  S = 0 .8  component. 

The tu rbu lence  energy i s  shown i n  f i g u r e  2 6 .  The i n i t i a l  phase ang les  
t h a t  produced t h e  g r e a t e s t  e f f e c t  on the  tu rbu lence  were chosen f o r  a g i v e n  
h igh-ampl i tude e x c i t a t i o n  a t  a g i v e n  f requency .  A t  x < d ,  t h e  S = 0.8 compo- 
nen t  produces t h e  h i g h e s t  e f f e c t  on the  tu rbu lence .  The S = 0 . 8  component 
a m p l i f i e s  ve ry  c l o s e  t o  t h e  j e t  e x i t  and t h e r e f o r e  i s  e f f e c t i v e  i n  pumping 
energy from t h e  mean flow t o  t h e  tu rbu lence  i n  t h i s  r e g i o n .  I f  one cons ide rs  
the  r e g i o n  x > d, t h e  S = 0 . 2  component i s  t h e  most e f f e c t i v e  i n  pumping 
energy from the  mean f low t o  t h e  tu rbu lence .  The S = 0.2 component peaks fu r -  
t h e r  downstream and has t h e  l o n g e s t  streamwise l i f e s p a n .  There fo re ,  t h e  h igh -  
frequency components a r e  e f f e c t i v e  i n  enhancing t h e  t u r b u l e n c e  i n  t h e  i n i t i a l  
r e g i o n  o f  the  j e t  w h i l e  t h e  low-frequency components a r e  e f f e c t i v e  f u r t h e r  
downstream. The momentum th i ckness  f o r  the  cases i n  f i g u r e  26 a r e  shown i n  
f i g u r e  2 7 .  F i g u r e  27 shows t h a t  t he  e f f e c t  o f  f requency  on t h e  momentum t h i c k -  
ness fol lows t h e  e f f e c t  o f  t h e  f requency  on the  t u r b u l e n c e .  T h i s  a g a i n  i n d i -  
ca tes  t h a t  t h e  t u r b u l e n c e  i s  t h e  e f f e c t i v e  mechanism f o r  t u r b u l e n c e  enhancement 
of e x c i t e d  t u r b u l e n t  j e t s .  

F igu res  28 t o  33 show the  energy o f  the  f requency  components and t h e  cor- 
respond ing  t u r b u l e n c e  p r o d u c t i o n s  f o r  the  t h r e e  cases presented  i n  f i g u r e s  26 
and 27.  I n  f i g u r e  28, S = 0 .8  i s  i n i t i a l l y  t he  h i g h e s t  component; i t  ampl i -  
f i e s  i n  the  i n i t i a l  r e g i o n  o f  the  j e t .  F i g u r e  29 shows t h a t  t he  S = 0.8 wave 
component pumps c o n s i d e r a b l e  energy i n t o  t h e  t u r b u l e n c e  i n  t h e  i n i t i a l  r e g i o n  
of t h e  j e t .  A s  a r e s u l t  o f  t h i s  energy t r a n s f e r ,  t he  mean f low p r o d u c t i o n  of 
the  t u r b u l e n c e  i s  a l s o  enhanced. When the  h i g h  energy i s  i n  t h e  S = 0.4 compo- 
nen t  ( f i g s .  30 and 31). t h e  b e h a v i o r  i s  s i m i l a r  t o  t h a t  when S = 0 .8  i s  t he  
h i g h  component. However, t h e  h i g h  S = 0.4 component peaks f u r t h e r  downstream. 
A s  a r e s u l t ,  t h e  enhancement o f  the  mean f low p r o d u c t i o n  of the  t u r b u l e n c e  i n  
f i g u r e  31 i s  de layed i n  comparison w i t h  the  cor respond ing  enhancement i n  f i g -  
u r e  29. Note a l s o  t h a t  when S = 0 . 4  i s  t he  h igh-ampl i tude component, i t  
dampens the  S = 0 . 8  component ( f i g .  30). There fore  t h e  S = 0.8 component p l a y s  
a n e g l i g i b l e  r o l e  i n  pumping energy from the  mean f low to  t h e  t u r b u l e n c e .  When 
S = 0 . 2  i s  t he  h igh -amp l i t ude  component, t he  o t h e r  f r e q u e n c i e s  a r e  a m p l i f i e d  
s l i g h t l y  ( f i g .  3 2 ) .  I n  f i g u r e  33 a l l  waves pump energy t o  the  t u r b u l e n c e .  
Fur thermore,  because o f  i t s  l o n g  streamwise l i f e s p a n ,  the  S = 0.2 component 
keeps pumping energy t o  t h e  tu rbu lence  a long the  j e t .  A s  a r e s u l t  of t h i s  con- 
t i n u o u s  i nc rease  i n  t h e  t u r b u l e n c e  energy,  the  mean f l ow  p r o d u c t i o n  o f  the  t u r -  
bu lence i s  a l s o  c o n s i d e r a b l y  enhanced. Apparen t l y ,  i f  t h e  S = 0 .2  component 
can be a m p l i f i e d  th rough i t s  i n t e r a c t i o n  w i t h  o t h e r  f requency  components, i t  
can have a c o n s i d e r a b l e  e f f e c t  on the  tu rbu lence .  
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CONCLUSIONS 

The i n t e r a c t i o n s  among s e v e r a l  s t a b i l i t y  waves i n  a t u r b u l e n t  round j e t  
were examined based on  t h e  i n t e g r a t e d  energy i n  a s e c t i o n  o f  t h e  j e t  for t h e  
d i f f e r e n t  s c a l e s  o f  m o t i o n .  The p r e s e n t  f o r m u l a t i o n s  i n d i c a t e  t h a t  if o n l y  
ax isymmetr ic  wave components a r e  p r e s e n t ,  two f requency  components w i t h  h i g h  
ampl i tudes  can i n t e r a c t  w i t h  each o t h e r  as w e l l  as w i t h  o t h e r  background- 
f requency components and can genera te  an enormous number o f  o t h e r  f requency 
components i n  t h e  ax isymmet r ic  mode. I f  t h e  f requency  components p r e s e n t  a r e  
o n l y  i n  t h e  f i r s t - h e l i c a l  mode, two f requency  components i n  t h e  f i r s t - h e l i c a l  
mode cannot i n t e r a c t  d i r e c t l y  w i t h  each o t h e r  or  w i t h  o t h e r  f i r s t - h e l i c a l  f r e -  
quency components. However, i f  b o t h  t h e  ax isymmetr ic  and t h e  f i r s t - h e l i c a l  
component a r e  s imu l taneous ly  p r e s e n t  w i t h  f requency  components r e l a t e d  by 
fundamental-subharmonic r e l a t i o n s ,  mixed i n t e r a c t i o n s  between t h e  ax i symmet r i c  
and the  h e l i c a l  mode o c c u r .  These mixed i n t e r a c t i o n s  a m p l i f y  o t h e r  f r e q u e n c i e s  
i n  b o t h  t h e  ax isymmet r ic  and t h e  h e l i c a l  modes. 

The p r e s e n t  p r e d i c t i o n s  f o r  two-frequency ax isymmet r ic  e x c i t a t i o n  produce 
r e s u l t s  c o n s i s t e n t  w i t h  those from s e v e r a l  p u b l i s h e d  exper iments .  When a j e t  
i s  e x c i t e d  a t  fundamental  and subharmonic f requenc ies  w i t h  t h e  fundamental  
l e v e l  h i g h e r  than t h a t  o f  t h e  subharmonic, t h e  a m p l i f i c a t i o n  o f  t h e  subharmonic 
g r e a t l y  depends on t h e  i n i t i a l  phase d i f f e r e n c e  between t h e  two waves. T h i s  
dependency on t h e  i n i t i a l  phase a n g l e  becomes l e s s  pronounced i f  b o t h  compo- 
nents have h i g h  i n i t i a l  energy l e v e l s .  Two-frequency e x c i t a t i o n  enhances t h e  
momentum t h i c k n e s s  i n  accordance w i th  o b s e r v a t i o n s .  

I f  a j e t  i s  f o r c e d  w i t h  m u l t i f r e q u e n c y  components o f  equal  i n i t i a l  energy 
l e v e l s ,  t h e  n o n l i n e a r  process depends on t h e  i n i t i a l  l e v e l .  A t  low energy l e v -  
e l s ,  n o n l i n e a r  i n t e r a c t i o n s  a r e  n e g l i g i b l e ,  and each wave behaves as i f  t h e  
o t h e r s  were n o t  p r e s e n t .  I n c r e a s i n g  t h e  i n i t i a l  energy l e v e l  e q u a l l y  f o r  a l l  
waves r e s u l t s  i n  c o n s i d e r a b l e  n o n l i n e a r  i n t e r a c t i o n s .  A t  much h i g h e r  i n i t i a l  
l e v e l s ,  a s a t u r a t i o n  c o n d i t i o n  i s  reached i n  which t h e  waves can no l o n g e r  
a m p l i f y  each o t h e r .  I n c r e a s i n g  t h e  i n i t i a l  energy l e v e l  inc reases  t h e  momentum 
t h i c k n e s s  o f  t h e  j e t  u n t i l  t h e  s a t u r a t i o n  c o n d i t i o n  i s  reached. 

Examining t h e  energy  exchanges a t  h i g h  f o r c i n g  l e v e l s  o f  equal  magnitudes 
f o r  a l l  t h e  waves i n d i c a t e s  s e v e r a l  i n t e r e s t i n g  f e a t u r e s .  The enhancement i n  
t h e  momentum t h i c k n e s s  i s  dominated by t h e  mean f low t u r b u l e n c e  p r o d u c t i o n ,  
r a t h e r  than by t h e  fundamental-subharmonic i n t e r a c t i o n s  as i n  t h e  l a m i n a r  case. 
M u l t i f r e q u e n c y  f o r c i n g  o f  t h e  j e t  enhances t h e  tu rbu lence  th rough two mechan- 
i s m s .  I n  t h e  d i r e c t  mechanism, t h e  imposed waves decay by d i s s i p a t i n g  t h e i r  
energy i n t o  t h e  background t u r b u l e n c e .  I n  t h e  second i n d i r e c t  mechanism, t h e  
wave a c t s  as a c a t a l y s t  t h a t  enhances t h e  mean f low p r o d u c t i o n  o f  t h e  t u r b u -  
lence.  The tu rbu lence  produced by t h e  mean f l o w  i s  p r o p o r t i o n a l  t o  t h e  l o c a l  
l e v e l  o f  t h e  tu rbu lence  energy .  There fore ,  wave-produced enhancement i n  t h e  
t u r b u l e n c e  energy f u r t h e r  i nc reases  t h e  t u r b u l e n c e  produced by t h e  mean f low. 
Thus, e x c i t a t i o n  enhances t h e  mean flow p r o d u c t i o n  o f  t h e  t u r b u l e n c e .  

The r o l e  o f  t h e  f requency  on t h e  n o n l i n e a r  process was examined by 
v a r y i n g  t h e  r a t i o s  o f  i n i t i a l  energy l e v e l s  between t h e  f requency  components. 
Two-frequency e x c i t a t i o n  a t  h i g h  and low f requenc ies  can r e s u l t  i n  cons ide rab le  
a m p l i f i c a t i o n  o f  t h e  i n t e r m e d i a t e  f requenc ies .  Thus, p roper  two-frequency 
e x c i t a t i o n  can be as e f f e c t i v e  as th ree- f requency  e x c i t a t i o n .  
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By t a k i n g  t h e  i n i t i a l  energy l e v e l  of one o f  t h e  f requency  components t o  
be much l a r g e r  than the  o t h e r s ,  we demonstrated t h a t  h i g h  f requenc ies  a re  
e f f e c t i v e  i n  pumping energy from the  mean flow t o  t h e  t u r b u l e n c e .  
quencies have longer  streamwise l i f e s p a n s  and t h e r e f o r e  a r e  more e f f e c t i v e  i n  

Low f r e -  

pumping energy 
downstream. 

f r o m  t h e  mean f low t o  the  tu rbu lence  a t  l o c a t i o n s  f u r t h e r  

A P P E N D I X  - SYMBOLS 

amp1 1 tude 

cons t a n  t s 

complex con juga te  

d i f f e r e n t i a t e d  w i t h  

nozz le  d iameter  

t u r b u l e n c e  d i s s i p a t  

energy 

i n i t i a l  energy l e v e  

energy peak 

t u r b u l e n c e  energy 

r e s p e c t  t o  r 

on 

n o r m a l i z a t i o n  f u n c t i o n  

i n t e g r a l  t h a t  i s  a f u n c t i o n  o f  8, W ,  and N 

mean f low a d v e c t i o n  i n t e g r a l  

mean f low p r o d u c t i o n  i n t e g r a l  o f  t h e  random tu rbu lence  

mean f low p r o d u c t i o n  i n t e g r a l  o f  the  wave component 

t u r b u l e n c e  a d v e c t i o n  i n t e g r a l  

wave a d v e c t i o n  i n t e g r a l  

imag ina ry  

v a r i a b l e s  

mean flow p r o d u c t i o n  o f  t u rbu lence  

mean flow p r o d u c t i o n  o f  wave components 

az imutha l  number 
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P 

Q 

Re 

Re 

r 

Fi j ,mn 
S 

T- 

u!(x,r) 
1 -  - 

U 

V 

V 

w 

WT 

w w  

pressure 

kinetic energy o f  the wave 

kinetic energy of the turbulence 

nozzle radius 

Reynolds number 

real part 

radi cal coordinate 

wave-induced stresses 

Strouhal number 

time scale for return to isotropy 

0 . 5  U$ - ~ 0 . 0 ~ 2  

time 

velocity 

ti me-averaged mot ion 

peak ve 1 oc i ty 

streamwise velocity 

background, fine-scale random turbulence 

period 

period 

period 

c component 

c component at fundamental frequency 

c ,  organized, large-scale wave-shaped motion 

mean radial velocity 

radial velocity 

azimuthal velocity 

energy transfer between the waves and the turbulence 

interaction between one wave and other existing waves 

W azimuthal velocity (angular velocity) 

X axial distance 
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6 

6 i  j 

E 

e 
P 

w 

Subscr i p t  s : 

e 

f 

i , j  ,k,Q,m,n 

MA 

MT 

0 

oc 

S 

SP 

TA 

t 

WA 

X 

> 

complex wave number cor respond ing  t o  frequency w 

i n i t i a l  phase-d i f f e rence  ang le  

i n i t i a l  phase d i f f e r e n c e  between S i  and S2 

i n i t i a l  phase d i f f e r e n c e  between S2 and S3 

d isp lacement  t h i c k n e s s  

K r o n e k e r ' s  d e l t a  

v i scous  d i s s i p a t i o n  

momentum t h i c k n e s s  

f l u i d  d e n s i t y  

argument o f  I 

az imutha l  ang le  

phase ang le  

f requency  

j e t  e x i t  

fundamental f requency  

va r  i ab 1 e s 

mean f low a d v e c t i o n  

mean t u r b u l e n c e  

i n i t i a l  c o n d i t i o n s  

e x i t ,  c e n t e r l i n e  

subharmoni c 

subharmonic peak 

t u r b u l e n c e  a d v e c t i o n  

t u r b u l e n c e  (p .  28)  

wave a d v e c t i o n  

a x i a l  c o o r d i n a t e  
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Superscripts: 

* 

m 

I I 

usual time average of the flow quantity 

wave 1 i ke 

complex conjugate 

ei genfunction 

differentiated with respect to r 
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FIGURE 15. - DEVELOPMENT OF THE ENERGY OF EACH FREQUENCY 
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FIGURE 19. - TURBULENCE PRODUCTION BY THE MEAN FLOW AND 
WAVES. EQUAL I N I T I A L  ENERGY LEVELS, E,= 0.005. I N I T I A L  
PHASE DIFFERENCES: p12 = 90'; B23 = 0'. 
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FIGURE 31. - TURBULENCE PRODUCTIONS BY THE MEAN FLOW AND 
ElO= 0.0005; WAVES AT NONEQUAL INITIAL ENERGY LEVELS: 

E20=0.005; E30= 0.0005. 
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FIGURE 33. - TURBULENCE PRODUCTIONS BY THE MEAN FLOW AND 
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